Problem Based on Symmetric Functions and Formation of Quadratic Equation

VERY SHORT ANSWER TYPE QUESTIONS :
VSA.1 Find the quadratic equation whose roots are

. . k-1 k+1
(@) 2 + 3iand 1 - 7i (b) 71 and k-1
Sol.
(a) Given roots are 2 + 3iand 1 - 7i
O sum of roots = (2 + 3i) + (1 - 7i) = 3 - 4i

product of roots = (2 + 3i) (1 - 7i) = 2 - 14i + 3i - 21i? = 23 - 11i
O the required equation is
x2 - (3 - 4i)x + 23 - 11i = 0.

b Gi k-1 q k+1
(b) iven roots are Kl an k1

k +1 k-1 =

k-1 (511)_ (k - 1) - (k +1)? 4k
)_ T k+D k-1 k-1

O sum of roots = (

k-1 k+1
product of roots = (k+1) (_k—l) = -1

O the required equation is

k? -1
O x? + 24k x-1=0
k-1
O (k2 -1)x*+4kx-(kk-1)=0
VSA.2 Find the quadratic equation with real coefficients, one of whose roots is -7 + 8i.
Sol. - The non real roots of a quadratic equation with real coefficient occurs in conjugate pairs,
therefore the other root is to be -7 - 8i.
O sum of roots = (-7 + 8i) + (-7 - 8i) = -14
and product of roots = (-7 + 8i) + (-7 - 8i) = (-7)> + (8)2 = 49 + 64 = 113.

Hence required equation is
x? - (-14)x + 113

=0
O x2 + 14x + 113 =0

VSA.3 If a and P are the roots of the quadratic equation 3x> - 5x - 8 = 0. Then find the value of

1 1
@ 2z + 2 (b) ap? + Bo? (© o+ P (d) a® + B°
a? B2
@ 5 + (F) o'p® + ocp* (@) o + B
Sol. We have,
3x>-5x-8=0 ... (1)
o, B are the roots of the equation (1) so
5 8
a+ B= 3 aB = 3
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Problem Based on Symmetric Functions and Formation of Quadratic Equation

1 1 o®+p*  (a+B)* -20B
(a) o2 + BE’ = o2p2 = 2p2
(5j2 _2(_8j 25 16
3 3) _ 9 3 _73
- 8\ " 64 64
-5) 5

(b)  ap® + Ba* = ap(a + PB)

(49 - %

() a*+ p*=(a+ B)* - 20B

_(5) _,(8)_.25,16 _73
-3 3] 9 3 7 9

(d) o+ p°=(a+ B)° - 3ap(a + B)

3
5 8\(5 125 40
—@)-3Pﬂﬁ)-37+3xg

125 40 _ 125+360 _ 485

= 7t 3T Ty
o> g2 a’+B  (a+P)’ -3ap(a+P)
© gt e op

g3 e
S

485
_ 27 _ _48
-8 72

3

() a'f° + a%p* = a*B* (B + a) = (ap)*(a + B)
(- 39 38
— 3 3) © 81 )~ 243

J&a +B)? = Ja+p+2/ap
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Problem Based on Symmetric Functions and Formation of Quadratic Equation

SA.1

Sol.

SA.2

Sol.

SHORT ANSWER TYPE QUESTIONS :
If a, B are the roots (assumed non zero) of 3x> - 4x + 1 = 0, form the equation whose roots

o B2
are — and —.
B a
The roots of 3x2 - 4x + 1 = 0 are a, B.
_ (4 _ 4 _ 1
O a+ B = 3—3andaB—3.
2 2 2 2
Let S=i+B—areP=ixB—.
B a B a
o’ +p°> _ (a+B)’ -3aB(a +p)
0 S = =
ap ap
47 _5(1)(4
_\3 3)\9) _ 28
= 1 =5
3
2 2
a B 1
P= - — = = —.
and 5 X . ap 3
a? B2
O The equation whose roots are ? and v is x> -Sx+P=20
28 1
P — — =
or X 9x+ 3 0
or 9x? - 28x + 3 = 0.

If a, B are the roots of ax> + bx + ¢ = 0, form the equation whose roots are o? + B2 and
a2+ B2
The roots of ax? + bx + ¢ = 0 are a, B.

__b _ ¢
O a+ B = aandaB—a.
Let S=(a2+ B + (a2+ B2 and P = (a2 + B?) (a2 + B2).
2 2 1 1 2 2 B2+a2
g S=(a+B)+((12+BZJ=(G+B)+(GZBZJ
(w4 @ p* +a
= (a* + B°) + o2p2

= (0(2-}- Bz) (14‘ 212]
a B
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Problem Based on Symmetric Functions and Formation of Quadratic Equation

5 1
[(a + B)* - 20] H“(amzﬂ

|
1
|
[V Rex
N——
N
|
N
VY
[VENe]
N—
| E— |
(Y
+
7~/ N\
0
\_/H
N

a
f-é 1+i b® -2ac) (c? +a? _ (b* -2a0)(@ +c?)
~la? a )~ N - a2c2
2 2 1 1 2 2 B2+a2
and P=(0(+B)(GZ+BZJ=(O(+B)(G252]

(0> +8%)?  [(a+PB)* -20BF
a’g? (aB)?

O The equation whose roots are a2 + B2and a2+ B2is x> - Sx + P = 0.

(b? -2ac)(a® +c?) (b? - 2ac)?
- 2.2 X + 2.2 =0
a’c a’c

or a’c2x? - (b2 - 2ac) (a2 + &)x + (b?> - 2ac)? = 0.

or

SA.3 If a, B are the roots of the equation ax?> + bx + ¢ = 0, form a quadratic equation whose roots
are (aa + b)3 and (ap + b)-3.

b

Sol. Here, a+ B = T2 e (1)
and ap = < (2)
a

Since a is a root of ax? + bx + ¢ = 0,

O aa? + ba +c =0

O a(aa + b) = -c
C

0 aoc +b=-— ... (3)
a

Similarly, we get

aB+b=-5 . (4)
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Problem Based on Symmetric Functions and Formation of Quadratic Equation

SA.4

Sol.

O Sum of the roots (aad + b)3 + (ap + b)3

o)’ L (-c b3 -3abc
a B) —  a®

(aa + b)3 (ap + b)>3

(-cf oy o B
a E T 3.3

and product of the roots

|
o
|
o
|
W
W

o o a’c
Hence, the required equation is
, (b3 —3ach 1
S R S + 33 - 0
or atcdix? - (b® -3abc)x +1 =0

If a and B are roots of the equation ax?> + bx + ¢ = 0, then form an equation whose roots are

1 1
aa +b’ ap+b’
Since o, B are the roots of the equation

ax2+bx+c=0 . (1)
b
0 0(+B=—gand0(.[5=§ ........ (2)
Now, we have to form an equation whose roots are
1 1 aB+b+aa +b

Sum of roots 2a+b + ap+b = (ac + b)(aB + b)

2b +a(a +B) 2b+a(a +p)

2a+b and

ap+b’

a’af +aba +abB +b? ~ a’af+ab(a +pB) +b?
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2b +a(—2) b
= = 2.2 T s [using (2)]
az(cj+ab(—b)+b2 ac-b° +b ac
a a
( 1 ) 1 1
Product of roots = aa +b)\ap+b) = azaB+ab(a +B)+b2
I S |
T ac-b%?+b? T ac
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The required equation will be
x2 — (Sum of roots) x + Product of roots = 0

g x2—£x+i=0
ac ac
O acx?2 - bx + 1 =0, ac # 0.

SA.5 If a and B are roots of the quadratic equation px> + gx + r = 0, then find the equation whose

a B
roots are ,/— and ,—.
B a

Sol. Since o, B are the roots of the equation
px? + gx + r =20

q r
O a+B=—Banda.B=B

a
Now, we have to form an equation whose roots are ﬁ and \/g.

a

Sum of roots

I
=7a]
+
Q™
Il
Q
?' N
Pil=

|
gl |
Ol |ola
|
3
o

_ e B _ JeB _
Product of roots = \fﬁ'\/;_\/;_l

The required equation will be
x2 — (Sum of roots)x + Product of roots = 0

U xz—{—i]x+1=0

Jrp
O Jﬁxz—qx+ﬁ=o,ﬁ¢o.

SA.6 If a, B are the roots of the equation ax> + bx + ¢ = 0 such that a > B, then find the values

of :
(@) a? - p? (b) a® - P
Sol. «a, B are the roots of ax? + bx + ¢ = 0.
b C
0 C(+B=—gand0([3=g.
(a) a2-pF =@+ B (a=-B . (1)
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Problem Based on Symmetric Functions and Formation of Quadratic Equation

Now, a-B= J@-p? = J(a+p)? - 4ap [ oa>B0 a-p=0]
_ (_9)2 5) / 4c
B a a a
3 b? - 4ac B - 4ac
- /7a2 = |
and a+ B = —g.
Jb? - 4ac
O (1) impliesa? - p2 = - 1/ ? - 4ac bVb? - 4ac 4ac.
(b) @ - B =(a-P)(@+ aB+ B e (1)
Now, a-PB= J(a-B?2 = a+p)? - 4ap

SRER=
a a a

2 2
and 02+GB+BZ=(C(+B)2—C(B=(_:)_§= 5

2 _ b? - ac 2 _
O (1) impliesa® - B2 = ﬂ X = ﬂ(bz - ac).
a a a

SA.7 If a, B are the roots of the equation ax? + bx + ¢ = 0 such that a, B are non-zero and a > §,
then find the values of :

1 1 1
(a)%—[3 (b)F_BT'

Sol. «a, B are the roots of ax?> + bx + ¢ = 0.

O 0(+B=—§anda[5=§.
1 - - v 2-4
(a) i_B=BaBa=‘aaBB='(a+[2B * ez PR am ol
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(b)

SA.8 If o and

_ (B-a)(B+a)
(aB)?

_ _(@=p)(a+p) _ J(@+p)’ ~4oB.(a+p)

11 _F-a
(12 BZ

(ap)? (ap)?

_ bvb? - 4ac

B are roots of the equation x> - px + q

a B 1 1
(a) (E+EJ + Z(G"'B] + 3ap

2
(b) a(% - B] . B[% + aj

2

1

1

© (pa +

Sol. Since q,

O
Now,
and

(a)

1
ap

2
(b) aZ(O‘B +B

RONE

2 opra?

B are the roots of the equation
x>-px+qg=20

a+ B=pand a.p =q

az + p? = (a + B)* - 2aB = p* - 29

o> + B = (a+ B)° - 3ap(a + B) = p> - 3pq

B] + 3apB

[o2 + B2 + 2(a + B) + 302f?]

1
a(p2 - 29 + 2p + 39?)

oo

(}2 +[32 BZ +(}2
a? B + BTy

(o +B%) (o +B?)
ap

1
a(p2 - 2q) (p? - 3pq)

0, then find the value of

[using (2)]
[using (2)]

[using (2) and (3)]

[using (3) and (4)]
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1 1 (pB + @) (par +q)°

Pa+a? | (pp+q? _ [(pa+q) (B +qP

(c)

p?(a® +PB?) +2pq(a +B) +29°
[p%aB + pq(a +B) +q°1°

p2 (p2 -2q) +2pq(p) +2q2 )
= 2
[p2q+pq(p)+q2]2 [using (2) and (3)]

p2 +2q2
~ g*(2p? +q)?

SA.9 If a, B are the roots of the equation 3x> - 6x + 4 = 0, evaluate

o B a,B 1.1
2o gt t2atp) T3

Sol. «a, B are the roots of equation 3x? - 6x + 4 = 0

6
O C(+B—§—2
4
and 0([5—5
a2 p? a B
0 (BG+E+E +23E+30(B.
o’ +p>  a’+p®  2(a+p)
ap + ap + ap + 3ap.
’ - 2-2 2(a +
0 (a +p)° —3aB(a +p) 4 (a +pB)° —20B N (o +B) + 3B,
ap af af
3 4 ox 2
- 2 3x§><2 4 2><3 2x2 5 4
ﬂ + i + ﬂ + X 3
3 3 3
8-8 12-8 12
0 4 gt T4
3
O 0O0+1+3+4=28
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Problem Based on Symmetric Functions and Formation of Quadratic Equation

SA.10 If o and B are the roots of x2 - p(x + 1) - ¢ = 0, show that (a + 1) (B + 1) = 1 - c. Hence

that a2 +2a+1  PE+2B+1 .
prove that - 5- =~~~ + o0 ¢ =

Sol. The given equation is

x2 -—px - (p +c)=0.
O o+ B=pand af = -(p + ©)
So, (a+1)PB+1)=af +(a+pB)+1
=-p-c+p+1=1-c¢c ... (1)
a2 +2a+1  BE+2p+1 (a +1)? (B +1)?
Now, ——

o +2a+c | B +2B+c  (@+1)P-(1-0 « (B+1)2-(1-0)

~ (a +1)? (B +1)2 _
T @ -@+DErD T @i -@en@Een N9

a+1 B+1
a-pB + B-a

(a+1)-(B+1)
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