Problem Based on Relation Between Roots and Coefficients

VERY SHORT ANSWER TYPE QUESTIONS :
VSA.1 Find the sum and product of the roots of the following equations :

(3) 8 - 7x + 15 = 0 (b) 2 + 19 = 0
(c)\/§x2—121x+¥=0 d) (2 + )X +ix+7-i=0.

Sol.
(a) We have,
8x? - 7x + 15 =0

O Sum of roots = —M _ 7 _7
coeff. of x? 8 8"
constant term 15
and product of roots =

coeff. of X2 ~ 8
(b) We have,
x24+19=0 ie,x*+0x+19=0

coeff. of x 0
0 S f ts=-——"—-—"5 =-— = 0.
Hm of Toots coeff. of x? 1

constant term 19

and product of roots = coeff.of x2 = 1 - 19.
(c) We have,
11 3V3
2_ I —_— —
J3x S Xt = 0
0 Sum of roots = — coeff.of x _~ -11/2 11
"~ coeff. of x2 V3T 2437
g g c constant term 3/3/4 3
an product of roots = coeff of 2 - A" 4
(d) We have,
R+iHxx+ix+7-i=0.
0 Smfrt__coeff.ofx__i _ ><2—i
M OTTOOIS = ™ oeff.of x2 241 2+i  2-i
-2+ 12,
4+1 5 5°
q q ¢ constant term 7 =i 7 —i 2 —ij
an product of roots = coeff. of X2 = 241 = 241 X =

14-7i-2i-1 13 9
4+1 -5 5
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Problem Based on Relation Between Roots and Coefficients

VSA.2 For the quadratic equation (k - 1)x> = kx - 1, find k, so that :
(a) one root is -3. (b) the sum of the roots is 2.
(c) the product of the roots is -3. (d) the roots are equal.
(e) the roots are numerically equal but opposite in sign.
Sol. We have,
(k = 1)x? = kx - 1

O (k -1)x*-kx+1=0 ... (1)
(a) one roots is -3.
O -3 satisfies (1).
O (k = 1) (-3)2-k(-3) +1 =0
O 9% -9 +3k+1=0
0 12k = 8
2
O k = 3
(b) Sum of roots is 2.
-k coeff. of x
O 1 - =2 ~Sumofroots=——"—
(1) k-1 coeff. of x2
k
O k =2k - 2
O k = 2.

(o) Product of roots is -3.

o @) =3 .- Product of roots = onstant term
1 coeff. of x?
0 1=-3k+ 3
O 3k = 2
2
O k = 3
(d) Roots are equal.
O Disc. = 0
O (-k)? -4k -1) (1) =0
0 k2 -4k +4 =0
0 (k -2 =0
0 k-2=0
0 k =2

(e) Roots are numerically equal but opposite in sign.
O Sum of roots = 0

-k
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VSA.3 If a, B are the roots of x2 - p(x + 1) - ¢ = 0, show that :
(a+1)B+1)=1-c
Sol. The given equation can be written as :
xX2-px-(p+c)=20

If a, B be its roots, then a + B=pand ap = -(p + c)  ...... (1)
Now (a+1)PB+1)=0+ (a+p) +1
=-(p+c)+(p)+1 [using (1)]

= 1 - ¢, which is true.

VSA.4 Form the equations whose roots are :

(@) 3_‘5, 3+42 (b) 7i, 2i
2 2
i i . .
© 4 4 (d) 3 - 4i, 2 + 3i
Sol.
(a) Given roots are 3_2‘/5 and 3+2‘/§
Sum of roots = 3-42 + 3+42 =3
2 2
And duct of root 3-42)(3+42 9-2 _ 7
n product of roots = 2 > =2 =1
Therefore, the required equation is
x2 — (sum of roots) x + Product of roots = 0
7
2 — =
O X 3x + p 0
O 4x2 - 12x + 7 =0

(b) Given roots are 7i, 2i
Sum of roots = 7i + 2i = 9i
And product of roots = (7i) (2i) = 14i? = -14 [ 7 = -1]
Therefore, the required equation is
x? — (sum of roots) x + Product of roots = 0
O x2 - (9)x +(-14) =0
O x> -9ix -14 =0
. i
(o) Given roots are 22

Sum of roots =

I

i
And product of roots = ( )
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Therefore, the required equation is

x2 — (sum of roots) x + Product of roots = 0
g x2 - (0)x + 1. 0
16
0 16x2+ 1 =0

(d) Given roots are 3 - 4i and 2 + 3i
Sum of roots = 3 -4i + 2 + 3i =5 -
And product of roots = (3 - 4i) (2 + 3i) = 6 + 9i - 8i - 12i2
=6+i+ 12 =18 + i
The required equation is
x? — (sum of roots) x + Product of roots
O x2-(5-i)x+18+i=0

Il
o

VSA.5 Prove that the roots of the quadratic equation ax?> + bx + a = 0 are reciprocals of each other.
Sol. The given equation is
ax> + bx+a=0
Let the roots is given quadratic equation are a and B.

a
Product of two roots = a.p = 3 - 1

Therefore, the roots are reciprocal.

VSA.6 Find the value of 'a' for which the roots a, B of the equation x> - 6x + a = 0 satisfy the relation

30 + 2B = 20.
Sol. Since, «a, B are the roots of x> - 6x + a = 0
O a+pB=6 L. (1)
and ax B=a . (2)
Now 3a + 2B = 20
O o+ 2(a + B) =20
O a+2x6=20
O a =28
Putting a = 8 in (1), we obtain B = -2.
Substituting the values of a and B in (2), we get a = -16.

VSA.7 If the roots of the equation x> - /x + m = 0 differ by 1, then prove that /2 = 4m + 1.
Sol. Let a, B be the roots of the equation x2 - /x + m = 0. Then

o+ =171
and aB = m
We have,
a-B=1
0 (a - B2 =1
O (o + B2 -40B =1
O ? -4m =1
O ? =4m + 1
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SHORT ANSWER TYPE QUESTIONS :
SA.1 The roots r, and r, of a quadratic equation x> + kx + 12 = 0 are such that r, - r, = 1. Find k.
Sol. The given equation is

x>+ kx+12=0 ... (1)
It roots are r, and r.,.
O rh+rn=-k . (2)
and rrL,=12 L. (3)
Also r-r=1 ‘... (4) [Given]
Now, (r, - r)2=(r, +r)* - 4rr,
O (1) = (-k)* - 4(12) [using (1), (2) & (3)]
0 1 =k*>-48
0 k? =1+ 48 = 49
0 k = +7.

Hence k = 7.

x?-bx _ m-1

SA.2 For what value of m (m # -1) will the equation

has roots equal in magnitude but

ax-c m+l
opposite in sign.
Sol. We have,
x> -bx m-1
ax —-c - m+1
O (m+ 1)x2 = b(m + 1)x = a(m - 1)x - (m - 1)x
O (m+ 1)x*=-(bm+b+am-a)x+ (m-1)c=0

Since roots are equal in magnitude but opposite in signs, the sum of roots must be zero.

0 _(bm+b+am-a) _ 0 -.-sumofroots:—coeff'OfX
m+1 coeff. of x?
O bm + b +am-a =20
a-b
O m = a+b"

SA.3 Solve the equation x> + px + 45 = 0, given that the square of the difference of its roots is equal
to 144.

Sol. The given equation is
xX2+px+45=0 ... (1)
Let its roots be a and (3, then
o+ B =-pand apf = 45.
According to given,
(o = B)?2 = 144

O (a + B)?> - 4aB = 144
0 (-p)? - 4.45 = 144

O p2 = 324

O p = +18.
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Case I: p = 18, then we get
x2+ 18x +45 =0
O (x +3)(x+15) =0
O x = -3, -15
Case IL : p = -18, then we get
x2 - 18x + 45 =0
O (x -3)(x-15) =0
O x =3, 15
Hence the roots of the given equation are -3, -15 or 3, 15.

SA.4 Find the value of k for which the roots a, B of the equation 5x% + (2k + 1)x + (k - 2) = 0 satisfy
the relation 2a + 53 = 1.

Sol. We have,
52 + 2k + I)x + k-2=0

0 a+p= X (1)
5
and ap = k;Z ..... (2)
Also, 2 +5=1 ... (3)
(1) x 2
0 2a + 2B = —4k5+2 ..... (4)
(3) - (4)
4k +2 4k +7
O B/=1+ g =
4k +7
H B="15
O (1) implies
2k+1 . 2k+1 4k+7 _ -6k-3-4k-7
B 5 B 5 15 15
_ -10k-10 _ 2k +2
B 15 B 3

Putting the values of a and B in (2), we get

2k +2)\(4k+7 k-2
3 15 )~ 5

0 —(2k + 2) (4k + 7) = 9(k - 2)
0 -8k? - 14k - 8k - 14 = 9k - 18
0 8k2 + 31k - 4 = 0
0 8k - 1) (k +4) =0

1
0 k=g, -4
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SA.5 If one of the roots of the quadratic equation ax?> + bx + ¢ = 0 is the square of the other, then

prove that b®> + a’c + ac? = 3abc.
Sol. The given equation is
ax2 + bx+c=0
Let one roots be a, then the other root = a2 Then,

0(+0(2=—§ ...... (1)
and a.o? = ¢
a

0 0(3=§ ...... (2)

Cubing both sides of (1), we get

3
(a + 02)® = —(b)

a
b3
O o> + (a?)® + 3a.0a? (a0 + 0?) = —a—3
b3
O o> + a® + 3ad(a + a?) = —a—3 ...... (3)

[ (x +y)>=x3+ vy + 3xy (x + vy)]

Substituting the value of o®* and a + a? from (1) and (2) in (3), we get

¢, (e} . Lfc)-b)_ b
a + 3 + 3 a a) = 3
c c2  3bc b3
O ot 27 2 T 5
a a a a
Multiplying both sides by a3, we get
a’c + ac? - 3abc = -b3
O b®> + a?c + ac? = 3abc

SA.6 Show that the A.M. of the roots of x> - 2ax + b2 = 0 is equal to the G.M. of the roots of the

equation x? - 2bx + a2 = 0 and vice-versa.
Sol. We have,

x2-2ax +b2=0 ... (1)
and x2-2bx+a=0 ... (2)
Let a, B be the roots of (1) and y, & be the roots of (2).
Then, o+ B=2a and af = b2 ... (3)
y+ d=2b,and vd = a2 = ....... (4)
2
Now AM. of a, B = a;B = ?a = [using (3)]
GM.of y, 5= Jyo = Va? = a [using (4)]
O AM. of a, B = G.M. of y, &
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) 2
Again, AM. of vy, & =y; = ?b =b [using (4)]
Again, G.M.of a, B = \/a_B = \/b_z =b [using (3)]
O AM. of y, 6 = G.M. of a, B.

SA.7 If the ratio of the roots of the equation /x> + nx + n = 0 is equal to p : g, prove that

Eelefe
q p l

Sol. Let a, B be the roots of the equation /x> + nx + n =0

Then 0(+B=—% and C(B=% ...... (1)
We have,
a_ P
B q
p q n a B \F [ .p_a}
O i Y e Y e e N Y using: —=—
q p ‘ B \E ‘ q B

~| D

|
g
™

—+

n
= Trf + \/2 [using (1)]
v

[
ey
+
~ |3
[
o

SA.8 If o, B be the roots of ax? + 2bx + ¢ = 0 and o + 9, B + O be those of Ax> + 2Bx + C = 0,

then prove that u = [ajz
P BZ-AC \A)"

Sol. Since a, B are roots of ax? + 2bx + c = 0.

0 0(+B=—2—aband0([5=§ ...... (1)

Let a'=a+ dand B'= B+ o
It is given that o' = a + 9, B' = B + O are the roots of the equation
Ax2 + 2Bx + C =0

O a' + B = —ZKB and a'B'=% ...... (2)
Now, a'=a+ dand B'= B+ o

0 a-p =(@+p) -B+a)=a-p

O (@' = B')* = (a - B)?

O (o' + B2 - 4a'B' = (a + B)? - 40P
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4B2 4C 4b? 4c

- AT AT 2 a
. B2-AC _ b®*-ac
A2 @2
. b’ -ac [a)z
B - AC A

+1)2 2
SA.9 If p be the ratio of the roots of the equation ax? + bx + ¢ = 0, show that % = %.
Sol. We have ax?> + bc + ¢ = 0. Let the roots of this equation be a and ap.

O o+ ap = b (1)
a
C
and a.op = a e (2)

(1) O a(l + p) = —g

b2
0 L+ PP 5 (3)
2y = C
@0 wp=- (4)

Dividing (3) by (4), we get
a2(1 +p)2 b2 /a2

a’p ~ c/a
1+p)? 2

. (L+p)® _ b7
p ac

SA.10 Given that a, B are the roots of the equation A(x* - x) + x + 5 = 0. If A, A, are the values of

a 4
A for which the roots o, B are related by E + g = 5 find the values of
Ay Ay A Ay
a) — + = and (b) — + .

Sol. We have,
AMx2-Xx)+x+5=0

O M -(AN-1)x+5=0
A-1 5
0 a+ B= )\ andaB—X
a B 4
Al ot - ==
SO B a 5
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SA.11

Sol.

If p, g be the roots of 3x2 + 6x + 2 = 0, form an equation whose roots are T' —.

Since p,

and

Here,

and

a? +p2 4
" ap 5
5((a + B)? - 2aB) = 40P
5(a + B)2 - 14ap =0

5 -3

(A2 =2\ + 1) - 14A = 0
AN -16A+1 =0

=0

A, + A, =16 and A A, = 1.

A M A NP -20A, 162 -2(1) 554

Ay ISV Ay 1 '
A NN ALt -3MM00+A)  (16)° -3(1)(16)
A2 A2N% (M12)? (1)?

q are the roots of
3x2 +6x+2=0

Lo .6
P q = 3

S =
_ pP’+q® _ _(pP+9)’-3pa(p+9q)
Pq Pq
2
(-2)3 —3.5.(—2)
R
3
3
=(-8+4).5 =6
oo [-P2)[2) 2
"l ajlp)TPA7 3

O The required equation is

or

x2—6x+z=0

3
3x2 - 18x +2 =0

= 4096 - 48 = 4048.

2

-p?  -q

P

[using (1) and (2)]

[using (2)]

[xX2 = Sx + P = 0]
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LONG ANSWER TYPE QUESTIONS :

LA.1 Find the number of quadratic equations which are unchanged by squaring their roots.

Sol. Let a and B be the roots of quadratic equation and a? and B? be the roots of another equation.
By the question,

a+B=oa2+p L. (1)
and o = ap2 Ll (2)
From (2),

aB(l - aB) =0
O a=0or B=0or ap = 1.

(a) When o = 0.
From (1), B = p?

O B1-p) =0
O B =0 or 1.
Thus we have : a =0, =0and a =0, B = 1.
(b) When B = 0.
From (1), a = a?
O a(l - a) =0
O a =0 or 1.
Thus we have : a =0, B =0and a =1, B = 0.
(c) When aoff = 1
From (1), a + B = o? + B
1
g 0(+1=0(2+f2
a a
= (o2
O o+ — = |a+—1 -2
a a
. 1
Putting a + E=y, we get
y =y -2
g y2-y-2=0
O (y-2)(y+1) =0
O y = 2 or -1.
1
Wheny=2,thena+a=2
0> - 20 +1 =0
0 (a =12 =0
O a = 1.

1
Wheny=—1,thena+a=—1
a’+ a+1=0

. a=—1¢\2/1—4=—1¢21\/§=w,w2_
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When a=1 a0 =1

0 B =1.
When a=ow af =1

1 1 3
O B:—:—:i:mz

a ) &)
When a= o, ap =1

1 1 0’
|:| = — = T3 = — =

B a 2 o

Thus a=1,B=1, a=w B = o

Hence there are four quadratic equations.

LA.2 Let a, B be two real numbers satisfying the following relations :
o2 + B2 =5, 3(a® + p°) = 11(a® + B3)
Find the quadratic equation having a and f as its roots.
Sol. We have,
3(a® + B°) = 11(a® + B3)

a’+p> 11
O a+p 3
. (a® +p°) (a® +p?) -a’p? (a +p) _ 11
a3 + g3 -3
)y oa’f? (a+p) 11
. @B i@ +pr-ap | 3
ap? 11 2 2 _
O 5—5_GB=? [~ o>+ B = 5]
a’p® 11
N 5-ap =27 3
a’p> 4
N 5-aB 3
O 3(ap)? + 4(ap) - 20 = 0
O 3(ap)? + 10(ap) - 6(ap) - 20 = 0
O (ap - 2) (3ap + 10) = 0
O 0([5=20r,0([5=—?.
If aB = 2, then
o2 + B2 =5
O (o + B)2 - 20B =5
O (a + B2 -4=5
O (a + B2 =9
O a+ B ==+3

ABLES, 608-A, TALWANDI KOTA (RAJ.) Ph. 0744 - 2405510 QUADRATIC EQUATIONS PAGE # 55

ssssssssss



Problem Based on Relation Between Roots and Coefficients

So, the quadratic equation is
X2 -x(a+B)+ap=0or, x2x3x+2=0

3 A
o2 + B2 =5
O (a + B)?2-20B =5
0 (a + B)? + ? =5
O (a + B)? = —g, which in not possible as a, BO R

Hence, the required quadratic equations are x> £ 3x + 2 = 0.
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